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Abstract 

We study the low-energy effective actions for gauge superfields induced by quan- 
tum = 2 and A/" = 4 supersymmetric matter fields in three-dimensional Minkowski 
space. Analyzing the superconformal invariants in the N = 2 superspace we propose 
a general form of the M = 2 gauge invariant and superconformal effective action. 
The leading terms in this action are fixed by the symmetry up to the coefficients 
while the higher order terms with respect to the Maxwell field strength are found up 
to one arbitrary function of quasi-primary N = 2 superfields constructed from the 
superfield strength and its covariant spinor derivatives. Then we find this function 
and the coefficients by direct quantum computations in the N = 2 superspace. The 
effective action of = 4 gauge multiplet is obtained by generalizing the J\f = 2 
effective action. 



1 Introduction 



Modern interest to three-dimensional supergauge models with extended supersymmetry 
is motivated mainly by recent progress in constructing and studying the field theories 
describing the worldvolume degrees of freedom of M2 branes. Such models are usually 
referred to as the Bagger-Lambert-Gustavsson (BLG) [1] and Aharony-Bergman-Jafferis- 
Maldacena (AB JM) [2] theories which are the superconformal Chern-Simons-matter mod- 
els with J\f = 8 and A/" = 6 supersymmetry, respectively. Since the superconformal sym- 
metry is preserved on the quantum level, these theories are dual to the superstring theory 
on the corresponding background within the AdS4/ CFT3 correspondences. 

One of the general problems for the BLG and ABJM models is to study the effective 
action which would describe an effective quantum dynamics of M2 brancs. In particular, 
such effective actions receive contributions in the gauge field sector induced by quantum 
matter fields which can be studied independently of the other contributions. A good 
starting point for understanding this general issue is the effective action for the Abelian 
gauge superfield induced by quantum matter superfields. 

In the present paper we explore the three-dimensional supersymmetric Euler-Heisen- 
berg-type effective action which appears as a result of one-loop contributions from quan- 
tum supersymmetric matter. This problem is interesting not only from the point of view of 
BLG and ABJM models, but also as a part of the effective action in the three-dimensional 
supersymmetric electrodynamics. In the non-supersymmetric case this problem was stud- 
ied in [3], but superspace analysis has never been done (c.f. the effective action in the four- 
dimensional supersymmetric electrodynamics which was studied in superspace in [4, 5, 6]). 
In the present paper we fill this gap by deriving the Euler-Heisenberg effective actions for 
the model of A/" = 2 chiral superfield and J\f = 4 charged hypermultiplet interacting with 
the background gauge superfields. 

In our work we employ the J\f — 2, d — 3 superspace approach which is similar to the 

= 1, d = 4 superspace. In particular, the N' = 2, d = 3 chiral and vector multiplets 
appear by dimensional reduction from the four-dimensional A/" = 1 supersymmetric ones 
while the hypermultiplet and the M = 4 vector multiplet in three dimensional Minkowski 
space originate from the Af — 2, d — 4 hypermultiplet and gauge superfield, respectively. 
We consider the background N — 2, d = 3 gauge superfield constrained by DaWp — 
D(aWi3) = const, where Wa is the superfield strength. In components, this constraint 
corresponds to the constant Maxwell field strength, Fmn = const. 

As soon as the classical action of the chiral superfield in the background gauge super- 
field is superconformal, the resulting effective action should be superconformal as well. 
We show that the gauge and superconformal invariance restrict the functional form of the 
leading terms in the effective action uniquely, up to coefficients, while the higher order 
terms with respect to the Maxwell field strength are encoded in a single arbitrary function 
of one superconformal quasi-primary superfield. Then we find this function as well as the 
coefficients by direct quantum computations in the Af — 2, d — 3 superspace. A straight- 
forward generahzation of these results to the J\f — 4 case leads to the effective action of 
the Af — 4 charged hypermultiplet interacting with background gauge superfield. 
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The paper is organized as follows. We begin Section 2 with a short review of the chiral 
superfield model in the Af — 2 superspace and specify the constraints on the background 
gauge superfield under considerations. Then we discuss general structure of the gauge- 
superfield-dependent M = 2 supersymmetric effective action subject to the constraints 
of gauge and superconformal invariance. In Section 3 we compute the one-loop effective 
actions in the models oi H — 2 chiral superfield interacting with the background gauge 
superfield as well as for the — A charged hypermultiplet using the Fock-Schwinger's 
proper-time technique in the M — 2 superspace. In the last section we discuss the 
obtained results and their possible generalizations. Appendix A contains basic formulae 
concerning the J\f = 2, d = 3 superspace in our conventions. In Appendix B we consider 
a representation of the superconformal group on the superfields in the H — 2 superspace. 



2 General structure of superconformal effective ac- 
tion in = 2 superspace 

2.1 Classical action of chiral superfield interacting with the gauge 
superfield 

In this subsection wc review some features of the A/" = 2, = 3 chiral and gauge superfield 
models which will be used in the next sections. Our conventions for the M = 2 superspace 
are collected in the Appendix A. 

Let us consider a classical action for the chiral superfield Q interacting with the Abelian 
background gauge superfield V , 

Sm=2 = - y" d^xd^e Qe^^Q , (2.1) 

which is invariant under the following gauge transformations 

Q^e'^Q, Q^Qe-'~^, e'^ ^ e'V^e"'^ , (2.2) 

with A and A being (anti) chiral superfield gauge parameters. The chiral multiplet consists 
of the complex scalar /, complex spinor and complex auxiliary scalar F, 

Q = / + ^"^a + e'^F + ie^'^d^pf + '-e^''d^0ii}^ + -^eWuf . (2.3) 

The vector multiplet in three dimensions is built from one real scalar 0, one complex spinor 
Aq, one vector field A^js = 'l^jsAm and one real auxiliary scalar D. In the Wess-Zumino 
gauge the component decomposition for V is given by 

V = B'^e^A^p + + i^¥"A« - io^e^'K + o^e^D . (2.4) 

It is important to specify the background gauge superfield under considerations. In 
general, the vector multiplet arises within standard geometric approach based on covari- 
antization of the fiat superspace derivatives, 

Da^^a^ Da + A^, ^ V a = + A^ , 9^ ^ V„ = (9^ + A„ , (2.5) 
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where the following superfield constraints are imposed [7, 8, 9] 

{Va,V/3} = -22(7™)„^V„^ + 2^e„^G', (2.6) 

[V«,V™] = -(7mWW^^ [Va,V^] = (7m)a/3W^ (2.7) 

[^m? ^ n] ^^mn ■ (2-8) 

The superfield strengths in the rhs in (2.6)-(2.8) satisfy the following reality properties 

G*^G, {Wy^W, {FmnY^Frnn. (2.9) 

As usual, there are many Bianchi identities for these superfield strengths which are im- 
portant for studies of the effective action and quantization. In particular, the superfield 
strengths Wa and Wa are (anti)chiral, 

D^W^^O, D^Wp^O, (2.10) 

and obey 

D'^Wa^D'^Wa- (2.11) 

An important feature of the M = 2, d = 3 superspace formulation of the gauge multiplet 
is that the superfield strengths Wa, are expressed in terms of the scalar superfield 
strength G, 

Wa = DaG, Wa = DaG, (2.12) 
subject to the following constraints 

D^G = 0, D^G = 0. (2.13) 

These constraints mean that G is a linear superfield. There are also the following useful 
relations among the superfield strengths 

D(^aW^)-D(^aW^) = £™'^(7p)a/jF„n, (2.14) 

+ A«^/3) = -2lda)sG. (2.15) 

In the Abelian case the gauge connections for covariant spinor derivatives in (2.5) can 
be expressed in terms of one real gauge superfield V, 

Va^e-^^Dae^^ ^Da + 2DaV, Voc^D^. (2.16) 

As a consequence of the algebra (2.6,2.7), the superfield strengths are given by 

G='-D'^DaV, Wa = -'-D^DaV, Wa = -'-D'DaV. (2.17) 

Substituting (2.4) into (2.17) we find the component structure of the superfield strengths, 
in particular, 

G^-4> + o'^K - r A„ + U'^e^fap - 2ie^eaD + ..., (2. is) 

where = d^AjSp + d'^Aap and dots stand for the terms with derivatives of the fields. 

Now we specify the constraints on the background gauge superfield under considera- 
tions: 
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i) The gauge superfield obeys the J\f — 2 super symmetric free Maxwell equations, 

D^'Wa = , D'^Wa = . (2.19) 



ii) Within the derivative expansion of the effective action we look for the leading terms 
without space-time derivatives of the gauge superfields. Such a long-wave approxi- 
mation is effectively taken into account by considering the constant background, 

dmG^O, dmWa^O, dmWa^O. (2.20) 

This approximation suffices to study the Euler-Heisenberg-type effective action which is 
induced by the Af — 2 supersymmetric quantum matter fields. 

2.2 Superconformal invariance and the effective action 

In this subsection we analyse the general structure of the effective action in the model (2.1) 
employing the constraints imposed by the gauge and superconformal invariance. Similar 
analysis for the J\f = 2, d = 4 superconformal models [10] appeared very useful because 
it helped to construct an off-shell extension of the terms in the gauge superfield effective 
action computed in the on-shell approximation. Here we will follow similar lines using 
the realization of the superconformal group in the J\f = 2, d = 3 superspace developed in 
[11] which is a three-dimensional extension of the general method described in [12]. 

In general, the effective Lagrangian depends on the gauge superfield V, its superfield 
strengths G, Wa, Wa and their derivatives. The only gauge invariant term with explicit 
dependence on the gauge superfield V and which cannot be rewritten in terms of the 
superfield strengths is the Chern-Simons term [8, 9, 13], 

Scs = ^ f d^xd^e VG=^ [ d^xile'^^PAmdnAp + iX^'X^ - 24>D) , (2.21) 
Zn J Zn J Z 

where k is the Chern-Simons level. All other terms in the effective Lagrangian depend 
only on the superfield strengths and their derivatives. 

Recall that we restricted ourself to the long- wave approximation (2.20) which means 
that we omit all terms with space-time derivatives of superfields, but the covariant spinor 
derivatives can appear in the effective Lagrangian. In this approximation there is very 
limited number of building blocks, i.e., the superfield combinations which the effective 
action can depend on. First of all, it depends on the superfield strength G as well as on 
Wa and Wa which involve first covariant spinor derivatives of G, (2.12). Next, there are 
the objects with two covariant spinor derivatives of G, 

Na0 = D^aWp) , Nafi = -(Na^)* = • (2-22) 

Note that it is sufficient to consider the objects (2.22) with symmetryzed spinor indices 
since -D[aVF/3] = ^SapD'^W^ = for the considered background (2.19). Note also that 
owing to the identity (2.15), Nap coincides with Nap up to a sign. 

Nap = -Nap , (2.23) 
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when dmU = 0. Finally, it is clear that any further spinor derivatives of the superfield 
strengths vanish in the long- wave approximation (2.20), e.g., 

Do^D^W^ = -2id^pW^ = , D^Wo, = -Aida^W^ = . (2.24) 

We conclude that the general structure of the gauge invariant effective action is given by 

rM=2 = j d^xd^coVG + C,s{G, Wa, Wa, N^p)] , (2.25) 

where Cq is an arbitrary coefficient and C^s is an effective Lagrangian being a real scalar 
superfield. Further restrictions on the structure of the function come from the re- 
quirement of the superconformal invariance. 

As a warming up exercise we check the superconformal invariance of the classical action 
(2.1). Indeed, using the explicit realization of the superconformal group in the M = 2 
superspace given in the Appendix B, we consider the superconformal transformations of 
the gauge and matter superfields, 

^.cV^^V, 6,,Q = ia/2 + OQ, S,,Q = {a/2 + 0Q, (2.26) 

where ^ is a superconformal Killing vector (B.IO) and a, a are (anti)chiral superfields 
constructed from the parameters of the superconformal transformations, (B.20,B.21). The 
superconformal variation of the Lagrangian in (2.1) is 

SsciQe'^'Q) = (p + OiQe'^'Q) , (2.27) 

where p = ^{a + a) is given in (B.17). Equation (2.27) shows that Qe^^Q IS a quasi- 
primary scalar superfield with conformal weight / = +1. Hence, according to (B.26), the 
action (2.1) is invariant under the superconformal transformations, SscS//=2 — 0. 

Of course, the Chern-Simons action (2.21) is superconformal as well. To show this, 
we derive the superconformal transformation of the superfield strength G with the help 
of (2.17,2.26) and (B.15,B.16), 

5scG= (p + OG, (2.28) 
i.e., G is a quasi-primary superfield. Using (B.26) we immediately find 

S^oScs = ^J d^xd^e{p + OVG = . (2.29) 

Hence, the superconformal invariance imposes only constraints on the function >Cefr in 
(2.25). 

In general, the effective Lagrangian contains the effective potential term J-{G), 

jC,s = /-(G) + £eff(G', W^, Wa, N^p) , (2.30) 

where J^iG) is a holomorphic function of G only while £eff takes into account the superfield 
strength with covariant spinor derivatives. The superconformal invariance restricts the 
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form of the effective potential J^{G) uniquely, up to a constant. Indeed, the general 
condition of superconformal invariance (B.27) applied to the effective potential reads 

5sc^(G) = (p + OJ'iG) + alC{G) + alCiC) , (2.31) 

where the function 1C{G) should be linear, 

D^iC{G)^D^)C{G)^0 =^ IC{G)^a + pG, iC{G)^a + pG, (2.32) 

with a and (3 being some (complex) constants. Up to the terms vanishing under integral 
over full J\f — 2 superspace, the general solution of (2.31) is given by ^ 

J^{G) = ciGlnG, (2.33) 

where Ci is some constant. This effective potential is responsible for a superconformal 
generalization of the Maxwell term in its component decomposition, 

J Sxd^e G In G = i y d^x^F'^'^Fmn + ■ ■ ■ , (2.34) 

where dots stand for other component terms. Note that the Lagrangian (2.33) being 
considered in the A/" = 1, (i = 4 superspace is responsible for the classical action of the 
improved tensor multiplet model [12]. 

It is much more difficult to make general analysis of the admissible form of the function 
Ces in (2.30) subject to the superconformal invariance of the corresponding action. The 
problem is that the superfields Wa, Wa and Na/3 are not quasi-primary, e.g., 

SscWa ={\p+(T + + OOaf^W^ + {D^p)G , (2.35) 

where uiap — D(^aii3) = —D^a^p) are the parameters of 'local' Lorentz transformations. 
Equation (2.35) shows that Wa transforms inhomogeneously because of the last term in 
(2.35). This is a new feature of three-dimensional supergauge models as compared to the 
A/" = 1, c? = 4 ones in which the superfield strengths are chiral quasi-primary, [12, 14, 15]. 
Therefore the superfields Wa and Wa are rather inconvenient for constructing supercon- 
formal actions and we are forced to introduce the following quasi-primary superfields ^ 

* = ^D'^DalnG, = ^{^D''Daf]nG. (2.36) 

Indeed, using (2.28) and the relations (B.15,B.16) one can readily check that both these 
superfields are quasi-primary with zeroth scaling dimension, 

5,e* = , = ■ (2.37) 

^To be more precise, we have to use a dimensionless combination G/fj, under the logarithm in (2.33) 
where ^ is some scale. However, this parameter is spurious and drops out completely in the component 
field formulation. Therefore we omit this parameter everywhere for brevity. 

^In principle, the coefficients in (2.36) are arbitrary, but we fix them in such a way that the effective 
action (3.51) computed in the next section gets simple form. 
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This allows us to construct a superconformal action with these superfields, 

Si^ J d^xd^eCUi^, Q^) , 5sc-5i = , (2.38) 

where W(^, Q?) is an arbitrary function. 

Neither the gauge invariance nor the superconformal symmetry impose any restric- 
tions on possible form of the function W(^,n^) in (2.38). However, for the background 
gauge superfield under considerations (2.19,2.20) the form of this functions can be further 
reduced. Indeed, for such a background there are the following equivalent representations 
for and O^, 

* = -i^^^ (2-39) 

S A 4 ■ y ■ ^) 

Owing to the odd statistics of superfield strengths Wa and Wa, the power expansion of 
W(^', fi^) over terminates at the second order, 

W(*, ^f) = Uoin^) + m^i^f) + *^W2(J^^) ■ (2.41) 

Under the integral over J\f — 2 superspace the first two terms in the rhs of (2.41) can be 
brought to the form of the last term, 

J d^xd^9G[Uo{n'^) + *Wi(02)] = j d^xd^9G^^U2{n'^) , (2.42) 

where U2 is some function. Indeed, to check (2.42) one has to take the covariant spinor 
derivatives from N^is — DaWp in (2.40) and integrate them by parts. Note that these 
derivatives hit only the superfield G but not N^is because of the restrictions (2.20). Doing 
so, one can accumulate the factor W'^W^ in the nominator resulting in according to 
(2.39) while the remaining factors can be represented by some function ^2(^2^). 

These considerations show that in the long-wave approximation the superconformal 
action (2.38) simplifies 

Si = j d^xd^eG^^niQ^), (2.43) 

such that it is described by a single function 'H{Q'^) of one real variable. There are 
no any more constraints on the form of this function. This function will be computed 
explicitly in the next subsection, but in general, it is represented by a power series 'H(fi^) = 
X]^o^"^^" with some coefficients a„. The action (2.43) contains the following terms in 
its component decomposition 



s,=^^a„jd^.d'0—i^-^j =i:(-5j <.„yA^+.... 

(2.44) 
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Summing up all together, we conclude that the general form of the superconformal 
effective action in the long-wave approximation is given by 



^J\f=2 — Tcs + TMaxweel + Thigher , (2-45) 

where 

Tcs = d^xd'^eVG, (2.46) 

TMaxwell = Ci J d^xd^O GluG , (2.47) 

Thigher = J d^xd^0G^''n{n''). (2.48) 

In components, this action contain the Chern-Simons term (2.21), the Maxwell term 
(2.34) and all higher order terms F^" with n > 2 which are written down in (2.44). The 
undefined coefficients Cq, Ci and the arbitrary function T-L will be found in the next section 
by explicit quantum computations. 

In conclusion of this subsection we comment on the uniqueness of the form of the 
superconformal action (2.45). The Chern-Simons and the Maxwell terms in this action 
are fixed by the gauge and superconformal invariance uniquely, up to the coefficients, but 
the form of the last term Fhighcr is not unique. Indeed, we used the ansatz (2.38) which 
involves only two quasi-primary superfields (2.36), but the other ansatze are also possible. 
In particular, there is a consequence of descendant quasi-primary superfields for (2.36) 
given by 

*„ = (^L'"L>„)"lnG', ^^'n^e^n, n = 3,4,5,..., (2.49) 

which can also be used for constructing superconformal invariants in the J\f — 2 super- 
space, 

y"d^x(Z^^G'^(*,Q^*3,*4,...,*n,■■■) > 5S^^, (2.50) 

where A is some function. However, these superfields (2.49) are necessary only for de- 
scribing the terms involving space-time derivatives of the gauge superfields or which are 
proportional to the free Maxwell equations since in the long-wave approximation (2.20) 
the action (2.50) can be brought to the form (2.43) by similar manipulations as in (2.42). 



3 Perturbative computations oi N = 2 and A/^ = 4 
effective actions 

3.1 Low-energy effective action for J\f = 2 gauge superfield 

The four- dimensional J\f = 1 and M = 2 supersymmetric Euler-Heisenberg effective 
actions were studied in [4, 10] at one loop. The two-loop refining of these results was given 
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in [5] and [6] owing to the powerful covariant perturbation theory in supcrspace elaborated 
in [16]. Here we apply some of the methods developed in [4, 5, 6] for studying the structure 
of the effective action in three-dimensional model of chiral superfield interacting with the 
background gauge superfield. 

The effective action for the model (2.1) can be divided into parity odd and parity even 
parts, 

^M=2 — Todd + Teven ■ (3.1) 

As soon as the classical action (2.1) is parity even, the appearance of the odd part in 
the effective action can be only due to the parity anomaly which is studied in details in 
[3, 17] and reviewed in [18]. The anomaly appears owing to the regularization of infrared 
divergent momentum integrals and yields the term proportional to the Chern-Simons 
action Todd Scs- We will compute Todd in the end of this subsection while now we 
concentrate on Feven- 

For Q and Q it is convenient to introduce the covariantly (anti)chiral superfields [19], 

Q = Q, Q = Qe''", (3.2) 
which are annihilated by the gauge covariant derivatives (2.16), 

V„Q = 0, V„Q = 0. (3.3) 
In terms of these superfields the action (2.1) is simply 

Sj^=2 = - / d^xd^'e QQ . (3.4) 



The matrix of second variational derivatives of this action is given by 

U - [ SQiz)S%{z') 5Q{z)5%iz') \ _ f ^ \ c\ 

V SQ(z)5Q(z') 5Q(z)SQ(z') J V 4 ^ ^+1^' ^ ^ ^ / 

where 5+ and 5_ are covariantly (anti) chiral delta-functions, 

S+{z,z') = ~V^S\z-z'), 54z,z') = ~V^S\z-z'). (3.6) 

Here S'^{z — z') is the delta-function in full H — 2 superspace. 

The matrix (3.5) leads to the following one-loop effective action, 

^ , , -.-.n , f ^V'^V'^5+{z,z') \ /o ^T^ 

F_ = -Tr luH= -Tr l.H^ = -Tr In - ^V^VH^{z,z') ) ' ^'''^ 

Introducing the covariant (anti)chiral d'Alembertians 



the effective action (3.7) can be rewritten as 

Teven^ |'IV + lnn+ + ^IV_lnn_, (3.9) 

where Tr + and Tr _ denote the functional traces of the corresponding operators in the 
chiral and antichiral superspaces, respectively. The operators □+ and □_ acting on the 
covariantly (anti) chiral superfields have the following representations 

□+ = V"'Wm + G^+'-{D^Wa)+iW^Va, (3.10) 

□ _ - V"'Vm + G^-^{D''Wa)-tW^Va. (3.11) 

The terms D°'Wa and D°'Wa in (3.10) and (3.11) can be omitted as soon as we consider 
the special background, (2.19). Then the operators (3.10) and (3.11) obey the following 
important properties 

v^□+ = □_v^ v^n_ = n+v^ (3.12) 

There are covariantly (anti)chiral Greens functions G+ and G_ for these operators, 

n+G+{z, z') = -5+{z, z') , n_G_{z, z!) = -5_(^, J) . (3.13) 
These Greens functions can be represented by their heat kernels, 

/■oo 

G±{z,z') = i dsK±{z,z'\s)e-'' , e^+0. (3.14) 
Jo 

Further we will omit the factor e~^^ in the integrals over the proper time s for brevity 
assuming the limit e — > +0 after calculating the integrals. In terms of the chiral heat 
kernel the effective action (3.9) reads 



\ven = -^y^ -Tr+i^+(s) + c.c. (3.15) 



s 



As a result, the problem of computing the effective action is reduced to finding the coin- 
cidence limit of the chiral heat kernel, 

Tr+i^+(s) = J d^xd^9K+{z,z\s). (3.16) 

Let us introduce the operator 

= V"^V^ + + iiy^Va - il^^Va , (3.17) 
with the Greens function Gy and associated heat kernel Ky, 

poo 

nyGy{z,z')^-5\z,z'), Gy{z,z') = i ds Ky{z, z'\s) . (3.18) 

Jo 
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For the special background under considerations, D'^Wa — D'^Wa = 0, this operator has 
the following important properties 

v^n+ = v^Dv = av^ , v^n_ = v^a = av^ , (3.19) 

which are used to relate the (anti)chiral Greens functions (3.13) with Gy, 

G+{z, z') = ~V'G,{z, z!) , G4z, z') = ~V^G,iz, z') , (3.20) 

as well as the corresponding heat kernels, 

K+{z,z'\s) = ~V^K^{z,z'\s), K_{z,z'\s) = -^V^Ky{z,z'\s). (3.21) 

Therefore it is sufficient to study the heat kernel Ky while the (anti)chiral ones are deduced 
from Ky by (3.21). 

The heat kernel Ky can be represented as 

Ky{z, z'\s) = e-(^'"^-+^'+^^"^«-'^"^«)(5^(z - z') . (3.22) 

For the constant field background (2.19,2.20) there are the following identities 

[V^, W^Va - W^Va] = , [PF"Va - W^Va, G] = , (3.23) 

which allow us to factorize the exponent in (3.22), 

Ky{z, z'\s) = e-G^e^^(^^"^"-^^"^«)e^^(^'"^-)5^(z - z') = e''''"0{s)k{z, z'\s) , (3.24) 
where 

and the reduced kernel K{z,z'\s) solves the equation 

(i^ + V"'Vm)K(z,z'\s)^0, lim k ( z, z' \s) ^ S^z - z'). (3.26) 

as s^o 



Let us consider the following representation for the delta-function in full superspace ^ 

-^,e^'^'-eC\ (3.27) 
where (^^ is Af — 2 supersymmetric interval, 

C = {e-er. (3.28) 



^More generally, one has to insert a parallel displacement operator on the right in (3.27) as well as to 
further expressions for heat kernels to provide their gauge covariance [16]. However, this is not necessary 
for the one-loop computations since in the limit of coincident points the covariant derivatives of the 
parallel displacement operator vanish, [5, 6, 16]. 
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Using (3.26) and (3.27) we arrive at the following representation for the heat kernel K, 

J (27r) 

The integration over d^k in (3.29) can be exphcitly done, see [16] for the details of similar 
computations in four-dimensional case, 



The determinant in (3.30) is over the Lorentz indices of the matrix F^" introdTiced in 
(2.8). This determinant can be explicitly evaluated (see [3] for analogous computations 
in the non-supersymmetric three-dimensional electrodynamics) 



'det ( = . f ^ , (3.31) 

\ l_e-2sFj sinh(sS) ' ^ ^ 



where 

1 



= -N^N^ , Nafs = D^^W^^ , Nap = D^^W^) . (3.32) 

Here the identity (2.14) has been used. 

Now we return to the computation of the heat kernel which is expressed in terms 
of K as in (3.24). For this purpose we need to push the operator 0{s) through the 
components of the superinterval in (3.30). Using the identities 

W^is) = Ois)W''Oi^s) = W^{e-'^)t3'' , (3.33) 
C{s) = 0{s)CO{-s)^C + W^{{e-^''-l)N-')p\ (3.34) 

Cap{s) = C»(s)Ca/3e'(-s)=Ca^-2i rdt(iy(,(t)C^)(i)+%(i)C^)(i)), (3.35) 

^0 

we arrive at the following final expression for Ky 

Recall that we need the chiral heat kernel for the effective action (3.15), which is 
related to Ky by (3.21). At coincident points, z = z', it is easy to argue that the operator 
in (3.21) hits only C^(s), 

-\v'C\s)^l. (3.37) 

Finally, using the identity 
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we get 

The corresponding one-loop effective action (3.15) reads 

r_ = -J- [ d^rfO r J^^.,,.a'^J^^^ ^ ,, , (3.40) 

3^7r J Jo y/lTTS sB/Z 

where B is given by (3.32), B'^ = \DaW^DpW. FinaUy, we rewrite (3.40) in the full 
M — 2 supcrspace, 



Teven = ^ / d^d^O 



4^0 ^/i^s V sB/2 



(3.41) 



The superfield strength G in (3.40) serves as an effective massive regularizator for 
infrared divergencies. In fact, giving a non-zero vev (G) ^ generates a mass for the 
matter superfield which is equal to the central charge of the JV = 2 superalgebra. In 
other words, we derived the effective action (3.40) in the Coulomb branch of the J\f — 2 
supergauge theory. Alternatively, one can consider standard mass term m J d^xd'^OQ^, 
but it violates the parity and requires more accurate considerations. These issues were 
studied in details in [20]. We will consider the hypermultiplet model with the complex 
mass in the next section. 

Now we come back to the derivation of the parity odd part of the effective action 
(3.1). The reason why both Todd ^-nd Feven cannot be derived in the unified procedure 
given above is quite similar to the non-supersymmetric case considered in [3] : The Chcrn- 
Simons term formally vanishes in the approximation of the constant fields (2.20), but 
the variation of the Chern-Simons term with respect to the gauge superfield produces a 
non- vanishing current. Therefore the Chern-Simons term in the effective action can be 
obtained by integrating the variation 

Sr^f=2^ J d^xd^9SV{J) , (3.42) 

where (J) is the effective current, 

{J) = {§) = -2{QQ) . (3.43) 

The propagator (QQ) is expressed in terms of the Greens function (3.18), 

t{Q{z)Q{z')) = ^V'V'G^iz, z') . (3.44) 

Using the explicit form (3.36) for Gy, we find 

(J) = iv^V^G^{z, z')l=,> = -\ r _^_^^e-«^ . (3.45) 
^ ' 8 ^\ ^ nz z ^ (ms)3/2 smh(s5) ^ ^ 
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The effective current (3.45) contains botfi finite and infrared divergent parts. All finite 
contributions to the effective action are parity even and are already taken into account in 
(3.40). The parity odd contributions arise from the divergent part which reads 

Regularizing this integral appropriately we find 

(^)reg = ^ . (3.47) 

Substituting this current into (3.42) we obtain the odd part of the effective action, 

Todd = 1^ / d^xd^O VG . (3.48) 
47r J 

Summing up (3.40) with (3.48) we get the resulting effective action in the form (2.45) 
with 



1 

cs '- 



d-'xdte VG , (3.49) 



TMa^weii = ^ [ d^xd^'OGlnG, (3.50) 
I d'xd'0 G— ^ ' - 1 . (3.51) 



higher — 



327r J ^2 ^ y 



The action (3.51) is obtained from (3.41) by changing to the dimensionless integration 
variable t = sG^ and then by rewriting it in terms of the quasi-primary superconformal 
superfields (2.36) with the help of (2.39,2.40). As is demonstrated in the previous section 
each of the actions (3.49), (3.50) and (3.51) is explicitly superconformal. 

Representing the effective action (3.41) in the superconformal form (3.50,3.51) allows 
us to relax the on-shell constraint (2.19). Indeed, there are infinitely many ways of com- 
plementing the effective action (3.41) by the terms vanishing on the classical equations of 
motion, but the superconformal invariance fixes this freedom and gives the unique answer 
(3.50,3.51) for such an action. Therefore we conclude that (3.49,3.50,3.51) are correct off- 
shell contributions to the low-energy effective action of the chiral superfield interacting 
with the background gauge superfield. These conclusions are completely analogous to the 
ones in [10] for the four-dimensional M = 2 superconformal theories. 

In principle, one can think that the superconformal invariance allows one to go be- 
yond the long- wave approximation (2.20), but it is not completely true because when the 
space-time derivatives are taken into account the terms (3.50) and (3.51) in the effective 
action may be corrected by some contributions involving the higher-order superconformal 
invariants (2.50). The analysis of contributions to the effective action with space-time 
derivatives is a hard task and therefore we restrict ourself to the long-wave approximation 
(2.20). 
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An interesting feature of the three-dimensional theory is that the proper time integral 
in (3.40) can be expressed in terms of special functions. In particular, for real B (constant 
electric field) this integral is represented by the following combination of generalized 
Riemann zeta functions,^ 



2TI/2 



47r / SV2 



■ , 1 iG\ 1 1 1 ^ iG 



2 1 



2' 2B' 2'2 2B' 2' 2B 

(3.52) 

This representation allows us to consider strong electric field background, B ^ 1, 



J d ^d'e^^ [(72 - 4)C(-l/2) + 0{B-') 



even , 

47r 



(3.53) 



The non- vanishing imaginary part of the effective action shows the vacuum instability for 
strong electric field. For imaginary B (constant magnetic field) one can replace B — > —iB 
in (3.52) to see that the effective action is real for any value of the field. 

3.2 Low-energy effective action for J\f = 4 gauge multiplet 

The classical action for Af = 4, d = 3 hypermultiplct appears by dimensional reduction 
from Af = 2, d = 4 hypermultiplct which is described in A/" = 1, d = 4 superspace in 
[12, 19]. In our case it is given by a pair of chiral superfields {Q+,Q-) in the Af = 2, 
d — 3 superspace where the subscripts '+' and '— ' stress that these superfields have 
corresponding charges with respect to the gauge superfield. We consider the minimal 
gauge interaction of the hypermultiplct with the A/ = 4 vector multiplet described by the 
pair (y, $), where K is a real gauge Af = 2 superfield and $ is a chiral Af — 2 superfield. 
The corresponding massless action reads 

Sm=4 = - J d^xd^e {Q+e^^Q+ + g_e-2^g_) - {^j d^xd^e g+$g_ + c.c}j . (3.54) 

The massive case can be obtained from (3.54) by the shift $ — > $ + m with m being a 
complex mass parameter. 

It is convenient to unify the chiral superfields Q+ and Q- with opposite charges to a 
chiral doublet Q [5], 

Q = exp {i^a^) ( ) , (3-55) 
while for the gauge superfield V and its superfield strengths we introduce 

Y = a2V. G = a2G, = asW^a , = (JsW^a , (3.56) 



"^There is a definition of the generalized Riemann zeta function, Cisil) = X]^o(9 ~^ '^)~*! valid for 
Re(s) > 1, Re{q) > 0, but it can be analytically continued for other values of arguments. This function 
is also referred to as Hurwitz zeta function (see, e.g., [21]). 
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where cxi, (72, era are the Pauh matrices. Then the action (3.54) reads 

Sm=4 = - y" d^xd^e Q^e^^Q d^xd'^0 $Q^Q + c.c.^ . (3.57) 

We will also use the covariant spinor derivatives covariantized by the matrix gauge super- 
field (3.56), 

Va^D^ + 2D^y , Va^D^, (3.58) 
as well as the covariantly chiral superfields, 

Q = e-2VQ, Q = Q. (3.59) 

With these notations the action (3.57) takes the form 

Sm=4 ^- J d^xd'^e Q^Q d^xd^e + c.c.^ . (3.60) 

We are interested in the one-loop effective action Tj^^^lV, $] in the model (3.54) 
which is obtained by integrating out the charged hypermultiplet with V and $ being the 
background superfields. The constraints on the considered vector background (2.19,2.20) 
should be extended by the following constraint on $, 

D„^ = 0. (3.61) 

Similarly as in the previous subsection, we compute the matrix of second variational 
derivatives. 



<)^^A-=4 ^^■'w=4 j-i lw^S+{z,z') i^S.{z,z') I' ^"^-^^^ 



SQ(z)SQ{z') SQ{z}SQ{z') 

where 5+ and 5_ arc gauge covariant (anti) chiral delta-functions defined with respect to 
the gauge covariant derivatives (3.58). Then the one-loop effective action reads [5] 

r^=4 ='-Tr\nH^ ^Tr + ln(n+ + ly^^^V^*) + c.c. (3.63) 

Here Tr takes into account not only the functional trace of the corresponding operators, 
but also the matrix trace since we deal with the matrix gauge superfield (3.56). One can 
easily see that the matrix trace gives extra coefficient 2 in (3.63) as compared to (3.9). 
For the considered background (3.61) the expression (3.63) simplifies, 

rA/-=4 = ^Tr + ln(n+ + ^$) + c.c. (3.64) 

Hence, we can immediately write down the answer for the effective action (3.64) by making 
the R-invariant shift ^ l>$ in the action (3.40), 

167ry Jo sB/2 ^ ' 
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or, in full M — 2 supcrspace it reads 



27r 



+ G ln(G' + a/g^T^^) 



1 

+ 4 



ds ,s{G-+^^)^^ /tanh(55/2) 



sB/2 



(3.66) 



We point out that there is no Chern-Simons term induced by the quantum corrections 
from Af — 4 hypermultiplet as soon as this model has no parity anomaly, see, e.g., [18] 
for a review. This was also checked in [22] by explicit quantum computations in jV = 3, 
d = 3 harmonic superspace. 

Similarly as in the M = 2 case, the effective action (3.66) should be superconformal. 
The terms in the first line of (3.66) obviously respect the H = 2 superconformal symmetry 
because the superfield transforms under the superconformal group in the same way 
as G^. However, the second fine of (3.66) needs to be rewritten in a superconformal 
form. For this purpose we consider the following generalizations of the superconformal 
quasi-primary superfields (2.36) 



1 



8x/G2 



=D''D^^D^Di^ ln(G + + !•$) 



(3.67) 



It is easy to see that these superfields arc M = 2 quasi-primary and transform as in (2.37). 
When the gauge multiplet is constrained by (2.20,2.19,3.61), the superfields (3.67) can be 
represented as follows 



'(G2 + $<l>)3/2 ' 



8 (G2 + $$)2 4 (G2 + $$)3 16 (G2 + $$) 



(3.68) 



These representations allow us to rewrite the effective action (3.66) in the J\f = 2 super- 
conformal form. 



1 

2^ 



d^xdW 



1^2 

8?22 



\/G2 + 



- a/G2 + + G ln(G + VG2 + $$) 
dte'^ /tanh(tri) 



- 1 



(3.69) 



Now we relax the constraint (2.19) and conclude that (3.69) is the off-shell low-energy 
effective action for the J\f = 4 gauge multiplet in the long-wave approximation. 
Let us single out the terms in the first line in (3.69), 



J d^xd^9[-VG^ + + Gln(G + Vg^ + $$)] . 



(3.70) 
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It is easy to see that (3.70) can be obtained by the dimensional reduction from the action 
ol M — 2, d — A improved tensor multiplet formulated in the M — 1, d — A superspace in 
[23] which was recently revisited in [24]. In the three-dimensional case the action of the 
form (3.70) was studied in [7].^ 

It is interesting to note that (3.70) was recently obtained in [25] as a dual represen- 
tation of the classical action of the Abehan Gaiotto-Witten model. The Gaiotto-Witten 
model [26] is the J\f — A supersymmetric Chern-Simons-matter theory with one hyper- 
multiplet in the bifundamental representation of the twisted gauge group Qi x Q2 where 
the gauge superfields corresponding to these two groups Qi and Q2 have Chern-Simons 
rather SYM kinetic terms. The authors of [25] showed that in the Abelian case one 
of these gauge superfields together with the hypermultiplet can be eliminated from the 
classical action resulting in the action for the second gauge superfield which appeared to 
have the form (3.70). Hence, the classical action of the Abelian Gaiotto-Witten model in 
the representation (3.70) arises as the leading term in the effective action in the charged 
hypermultiplet model. 

Our final comment is that the effective action (3.70) hints the form of the effective 
Kahler superpotential. Indeed, for the vanishing gauge superfield, G = 0, the expression 
(3.70) reduces to 



/ 



d-^xdWV^^ oc / d-^x—=d'"<^dm(p + ... , (3.71) 
J 

where ip is the lowest component of $ and dots stand for the terms involving other 
component fields. It would be interesting to do an independent computation of the Kahler 
superpotential as a part of the effective action in the three-dimensional M — 2 Wess- 
Zumino model. 



4 Summary and discussion 

In this paper we studied the one-loop effective action for three-dimensional M = 2 and 
TV" = 4 gauge superfields induced by quantum supersymmetric matter fields. We re- 
strict ourself to the long-wave approximation when the background gauge superfield is 
constant with respect to the space-time coordinates and obeys the free supersymmetric 
Maxwell equations. In the non-supersymmetric case such an action is known as the Euler- 
Heisenberg effective action which was studied for the three-dimensional electrodynamics 
in [3] . The present work is a supersymmetric generalization of the results of [3] . 

Before computing the effective action in the model of the M — 2 chiral superfield 
interacting with the background gauge superfield we found a general form (2.45) of such an 
action subject to the constraints of the gauge and superconformal invariance. The leading 
terms in this action are given by the Chern-Simons term (2.46) and by a superconformal 
generalization of the Maxwell action (2.47). The functional form of these two terms is 
fixed by the superconformal invariance uniquely, up to the coefficients. The higher order 
terms with respect to the Maxwell field strength are taken into account by the action 

^We are grateful to S.M. Kuzenko for drawing our attention to the papers [7, 23, 24]. 
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(2.48) which is found up to one arbitrary function H of quasi-primary superfields (2.36) 
in the M — 2 superspace which are constructed in terms of the superfield strength G 
and its covariant spinor derivatives. This analysis is quite similar to [10] where the low- 
energy effective action in the J\f = 2, d = 4 supergauge theory was expressed in terms of 
superconformal invariants. 

After considering the general structure of the superconformal action we explicitly 
compute it by integrating out the chiral superfields interacting with the background gauge 
superfield. The results of the calculations match the previously proposed form (2.45): The 
coefficients in Chern-Simons and Maxwell terms are fixed as in (3.49) and (3.50) while 
the higher-order contributions with respect to the Maxwell field strengths are represented 
by the action (3.51) which is expressed in terms of the quasi-primary superfields (2.36). 

The effective action for the M — 4 gauge superfield is obtained in the form (3.66). 
It has no Chern-Simons term since there is no parity anomaly for the model of charged 
hypermultiplet (see, e.g., [18] for a review). The absence of the Chern-Simons term in 
the charged hypermultiplet was also checked in our recent work [22] using direct quantum 
computations in the = 3, d = 3 harmonic superspace. Therefore the effective action 
(3.66) starts from the Maxwell term (written in the Af — 2 superspace in a superconformal 
form) as well as contains all higher orders of the Maxwell field strength in components. 
It is interesting to note that the leading terms without derivatives in the effective action 
for the J\f = 4: gauge superfield coincide with the classical action of the Abelian Gaiotto- 
Witten model rewritten in [25] in terms of dynamical gauge superfield. Therefore one can 
consider the Abelian Gaiotto-Witten model as the effective theory induced by quantum 
hypermultiplet superfield. 

One of the applications of the obtained effective actions for the M = 2 and M = 4 gauge 
theories may be given within the study of the mirror symmetry [27] for three-dimensional 
gauge theories. The mirror symmetry is a kind of dualities for three-dimensional gauge 
theories which relates one field theory at strong coupling with another theory in the 
perturbative regime. In particular, the leading term (3.50) in the M = 2 gauge superfield 
effective action is known to be dual to the Kahler sigma model which was studied in [28]. 
As soon as we derived not only the leading term (3.50), but also a number of derivative 
contributions (3.51) in the M = 2 effective action, it is natural to find the corrections to 
the sigma model considered in [28] due to the terms (3.51). In a similar way it would be 
interesting to explore the duality for the J\f — A gauge superfield effective action (3.69). 
Note that modern applications of the mirror symmetry for three-dimensional models with 
J\f = 2 and J\f = 4 supersymmetry are helpful for the studies of the ABJM-like theories 
[29]. 

It is natural to consider the M — 2 chiral superfield interacting with the background 
gauge superfield and the M = 4 charged hypermultiplet as the parts of the Af = 2 
and A/" = 4 supersymmetric three-dimensional electrodynamics, respectively. In this 
case the one-loop Euler-Heisenberg-type effective actions obtained in the present paper 
receive two-loop (as well as all higher-loop) corrections which are tempting to study. 
For the four-dimensional supersymmetric electrodynamics the two-loop corrections to the 
supersymmetric Euler-Heisenberg effective action were computed in [5, 6], but in the 
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three-dimensional case this problem has never been addressed. Finally, it is interesting 
to study the effective action in the non-Abelian J\f — 2 and J\f — A three-dimensional 
supcrgauge models and then to extend these results to the theories with M — 6 and 
A/" = 8 supersymmetry which are worldvolume field theories of M2 and D2 branes. It 
would open the possibility to study the effective actions in the BLG and ABJM theories 
which would give an effective quantum description of multiple M2 branes. There are 
also various deformations of the BLG and ABJM models [30, 31] which are interesting 
from the point of view of the AdS4/CFT3 correspondence because they correspond to the 
infrared stable superconformal points in the three-dimensional M = 2 supergauge theories 
[31, 32, 33]. It is natural to study the problem of effective action in these models as well. 
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Appendices 

A. J\f=2 superspace conventions 

In the present paper we use the conventions for the three-dimensional gamma matrices 
following our previous works [22, 34]. In particular, the gamma matrices (7")^ = —'io'2, 
{l^)a — (7^)a — ^1 obey the Clifford algebra 

{t'", 7"} = -2r?"^" , ry-" = diag(l, -1, -1) , (A.l) 

and the following orthogonality and completeness relations 

We raise and lower the spinor indices with the £-tensor, e.g., (7m)a/3 = ^aailmj'p-i £12 = 1- 
Any vector index can be converted into a pair of spinor ones by the following rules 

dap = {inapdm , dm = ^(Tm)"''^^^ , (A.3) 

SO that 
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The Af — 2, d — 3 supcrspacc is parametrized by the coordinates z'^ — {x'^, 9a, Oa) 
with 9a — {9a)*- The covariant spinor derivatives 

obey the standard anticommutation relation 

{Da,Dp} = -2ldap. (A.6) 

The integration measure in the full M — 2, d — ?> superspace is defined as 

d^z = d^xd'^9 = ^d^xD^D^ , so that J d^xf{x) = J d'^z9^^f{x) , (A.7) 

for some field f{x). Here we use the following conventions for contractions of the spinor 
indices 

D^^D^Da, D^^D'^Da, 9^^9'^9a, P^9'^9a. (A.8) 

The chiral subspacc is parametrized by = (x^,9a), where x'^ = x^ ± ij^^9'^9^. 
The chiral superfields arc defined as usual, -Dq,$ = ^ $ = $(a;™,^Q,). The integration 
measure in the chiral superspace d^z = d^xd^9 is related to the full superspace measure 
(A.7) as 

d^z^~dhD\ (A.9) 
B. Superconformal transformations in J\f = 2 superspace 

Here we review a representation of the superconformal group on the superfields in the 
J\f = 2, d = 3 superspace which was used in Section 2.2 (see some details in [11], the 
analogous construction for jV = 1, d = 4 superspace was given in [12]). 

Let us consider the infinitesimal superconformal transformations of coordinates of the 
J\f ^2 superspace z^ = (x"^, 6*", ^"), 

z^^z^ + 5,,z^, (B.l) 

where SgcZ"^ explicitly reads 

Sscx'''^ = ax"'^ + x'^'x'^^kfrr - -9Wk''^ + 2i9^''x^^^r]^ + 9^9^''r]^^ 

+2i9^°'x^^^fi^ + 9^9^""^^ , (B.2) 
= {a/2 + ih)9'^ + 9^x'^^kp^ + -9Wk1 + i9^r]'' + {x''^ + 2i9H^^)f]p, (B.3) 

4c^" = (a/2 - z6)r + ¥x'^^kp^ + -P9^k'^p + iPf]'^ + (x°^ - 2i9H^^)r]p . (B.4) 

Here a, 6, kap-, rja, fja are the parameters of dilatations, U(l) transformations, special 
conformal transformations and S-supersymmetry transformations, respectively. These 
transformations can be shown to obey the superconformal algebra osp(2,M|2). 
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Let us consider a superconformal Killing vector — C^(-s) = (^"''(-s)) 
where 

= 5scx"^ - 2i5sc^^°^^) + 2i^("(5sc^^) , r = <^sc^" , r = <^sc^" ■ (B.5) 

The explicit expressions for the components of the superconformal Killing vector can be 
derived from (B.2)-(B.4), 

+4ie^"x^^^7]^ + 4i^("x^^^r/^ , (B.6) 
r = (a/2 + + + V + .<''^,s , (B.7) 

= {a/2-ib)e'' + k^sx"Je^ + ie^f]'" + x"Jv^, (B.8) 

where 

= x"'^ ± 2i^("^^) . (B.9) 
There is a superform ^ associated with the superconformal Killing vector, 

e = ^""Da = lc^{z)d^p + C{z)D^ - C{z)Da , (B.IO) 

which obeys the following important relation 

[^,D^]^Dp. (B.ll) 

Equation (B.ll) means that the superconformal transformations respect the chirality and 
hence they can be extended to chiral superfields. 

Either from (B.ll) or from the explicit relations (B.6)-(B.8) one can deduce the fol- 
lowing properties for spinor components of the superconformal Killing vector, 

C^-'-D^C^, D^ip^Q, (B.12) 

and for the vector one, 

Jj2^aP ^ ^2^aP ^ q ^ Jj{a^M) ^ ^{<^^M) ^ Q . (B.13) 

The relations (B.12) show that ^"^ and ^" arc chiral and antichiral, respectively. Moreover, 
they are expressed in terms of the vector component ^"^^ which satisfies (B.13). In fact, 
the equations (B.13) are main defining relations for the superconformal Killing vector 
which lead to the standard equation for = iT^C"^; 

2 

dmin + dnim = l^Vmndp^^ ■ (B.14) 
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As is shown in [11], one can in principle start with (B.ll), then deduce (B.12) and (B.13) 
and after that derive (B.6) as a solution of (B.13).^ 

We will need also the following properties of the components of the superconformal 
Killing vector 

+ ^ 0, (B.15) 

^°ea-5"^"a = -^5a^r^ = -2p, (B.16) 

where 

p = a + kafjx"'^ + 2i9''ria + 2i9"f]a . (B.17) 

The superfield p obeys 

DaP = 2i(kaf}e^ + Va) , DaP = -2i{K^e^ + 77«) , (B.18) 
while the following second derivatives of p vanish 

D^p = D^p = D''D^p = 0. (B.19) 
Let us introduce also the expressions 

(T = ^da0C''-\D^r^a-ib + kaf3x1^ + 4ie''r)a, (B.20) 

o- = ^d^pC^ + ^Dj-^a + ib + k^^x1^ + 4irfja. (B.21) 
These superfields are chiral and antichiral, respectively, 

L>„(7 = , Dad- = . (B.22) 
Clearly, the parameters a, a and p are related to each other, 

p=i(a + a). (B.23) 

Now we consider a representation of the superconformal group on superfields in the 
M = 2 superspace. Given a (real) superfield V defined in full M = 2 superspace with 
mass-dimension /, we define its infinitesimal superconformal transformation as 

5,,V^{lp + 0y, (B.24) 

where ^ and p are defined in (B.IO) and (B.17), respectively. Analogously, the superfields 
a and a given by (B.20, B.21) are used to define the superconformal transformations for 
a chiral Q and an antichiral Q superfields of mass dimension I, 

SscQ = {1(7 + OQ , SscQ = (Id- + OQ ■ (B.25) 

^Note that (B.6) is not the general solution of (B.13). The general solution involves also the param- 
eters of usual translations, Lorentz transformations and supertranslations. However we omit here these 
parameters since the superspace approach provides the covariance of all considered actions under super 
Poincarc group. 
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The superfields which transform under the superconformal group by the rules (B.24,B.25) 
are usually referred to as the quasi- primary superfields with scaling dimension I. 

An action S — J d^xd^O C is superconformal if the Lagrangian C transforms as a 
quasi-primary scalar superfield with the scaling dimension I — i.e., 

5,,C^{p + ^)C 5,,S^0. (B.26) 

However, this is not the necessary and sufficient condition of superconformal invariance 
since more generally the Lagrangian can transform as 

4c>C = (p + 0^ + a}C + a}C ^ 5^^S = , (B.27) 

where /C and IC are linear functions, 

D^IC = , D^iC = . (B.28) 

These additional contributions with K. and K. in the variation of the Lagrangian (B.27) 
do not break the invariance of the action since they vanish in passing from the full to the 
(anti)chiral superspace. 

Similarly, the superconformal invariance of an action in the chiral superspace Sc = 
J (Px(f9Cc is guaranteed if the Lagrangian is a chiral quasi-primary superfield with 
the scaling dimension I — +2, 

5^C,^{2a + ^)C, ^ 5^S,^Q. (B.29) 
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